o 

(N 



Oh 
< 



o 



% 



GREEN RINGS OF FINITE DIMENSIONAL POINTED 
RANK ONE HOPF ALGEBRAS OF NILPOTENT TYPE 

ZHIHUA WANG, LIBIN LI, AND YINHUO ZHANG 



^H | Abstract. Let H be a finite dimensional pointed rank one Hopf algebra 



of nilpotent type, and G — G(H), the group of group-like elements of 
H . We study the finite dimensional indecomposable .ff-modules and 

^sj establish the Clebsch-Gordan formulas for the decompositions of the 

tensor products of indecomposable H-modules. It turns out that the 
Green ring r(H) is commutative and generated by one variable over the 
Grothendieck ring of the group algebra kG modulo one relation. The 
Jacobson radical of r(H) is completely determined and is a principal 

Cl—i ideal of r(H) generated by one element. As an example, we shall describe 

_h the Green ring of the pointed rank one Hopf algebra H with G(H) a 

^_» ' Dihedral group. 



1. Introduction 

Let H be a Hopf algebra over a field k, Hq C H\ C H2 C • • • the coradical 
filtration of H. Assume that the coradical Hq is a Hopf subalgebra of H. 
Then each Hi is a free .£fo- m °dule. Consider the trivial right i?o- mo dule 
k. If H is generated as an algebra by H\ and dimj^k ®h H\) = n + 1, 
^f^ . then H is called a Hopf algebra of rank n [11| I22j . The class of finite 

dimensional pointed Hopf algebras of rank one coincides with the class of 
non-semisimple monomial Hopf algebras discussed in [3j . The classification 
of finite dimensional pointed Hopf algebras of rank one or non-semisimple 
monomial Hopf algebras over an algebraically closed field of characteristic 
Cd ■ has been given respectively in [11] and [3]. In the case of characteristic 

p > 0, the classification was given by Scherotzke in [T7]. The classification 
of infinite or finite dimensional pointed Hopf algebras of rank one over an 
arbitrary field k was obtained in |22j. 



A finite dimensional pointed rank one Hopf algebra can be obtained via 
some group datum. A quadruple V = (G,x,g,n) is called a group datum, 
if G is a finite group, g an element in the center of G, x a k-linear character 
of G, and /U € k such that x™ = 1 or fi(g n — 1) = 0, where n is the 
order of x(d)- If Mff n — 1) = 0> then the group datum V is said to be 
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of nilpotent type. Otherwise, it is of non-nilpotent type (see pjQ). For a 
group datum V = (G, Xi9i A 4 ); denote by Ht> the Hopf algebra constructed 
via V = (G, Xi 9-> A 4 )) see Section 2 for details. The Hopf algebra Hx> is finite 
dimensional, pointed and of rank one. Conversely, for any finite dimensional 
pointed Hopf algebra H of rank one, there exists some group datum T> 
such that H = H-p as Hopf algebras. Therefore, we have a one-to-one 
correspondence between the set of isomorphism classes of finite dimensional 
pointed Hopf algebras of rank one and the set of the isomorphism classes of 
group data, see [SHU]- Many interesting Hopf algebras are of the form Hx>, 
including the Taft algebras [21 [20] , the generalized Taft algebras [121 [16] and 
the half-quantum group it+ 0(7], etc. 

In [2] and [12], the authors studied the Green rings of the Taft algebras 
and the generalized Taft algebras respectively. In both cases, the Green 
rings are commutative and are generated by two elements subject to certain 
relations defined recursively (see [21 [12])- The nilpotent elements of the 
aforementioned Green rings have been completely determined in |12| . In [9j, 
the authors presented the Clebsch-Gordan formulae and the Green rings of 
the pointed tensor categories of finite type, using the quiver techniques to 
study the comodules over a graded coquasi-Hopf algebra. Stimulated by the 
above works we shall compute the Green ring of a finite dimensional pointed 
rank one Hopf algebra Hx> with the group datum V being of nilpotent type. 
We shall first determine the finite dimensional indecomposable -£Ap-modules, 
and work out the Clebsch-Gordan decomposition formulas of the tensor 
product of two indecomposable .fTp-modules. Using the obtained formulas 
we compute the Green ring of Hx> and study the Jacobson radical of the 
Green ring. 

The paper is organized as follows. In section 2, we recall the construction 
of a finite dimensional pointed rank one Hopf algebra H-p from a group 
datum T>. We only deal with H-p with T> of nilpotent type. We discuss the 
representations of ifp and determine all non-isomorphic finite dimensional 
indecomposable i^-modules. 

In Section 3, based on the decompositions of tensor products of simple 
modules over k.G, where G is the group in V = (G,x,9,^), we obtain the 
Clebsch-Gordan formulas for the decomposition of the tensor product of two 
indecomposable -fTp-modules, extending the decomposition formulas given 
in [H E] and [2] . It is shown that the tensor product is commutative despite 
that Hx> is not necessary quasi-cocommutative. We also describe the dual 
of each indecomposable module at the end of the section. 

In Section 4, we show that the Green ring r{Hx>) of Hx> is isomorphic to 
a polynomial ring with one variable over the Grothendieck ring Go(kG) of 
hG modulo some relation, where the relation is associated to a generalized 
Fibonacci polynomial. We point out that the Grothendieck ring Gq(Hx>) of 



GREEN RINGS OF POINTED RANK ONE HOPF ALGEBRAS 3 

Up is equal to the Grothendieck ring Go(kG) (or the Green ring r(kG)). In 
general, the monomial category aM- of representations over a Hopf algebra 
A can not be completely determined by the Green ring r(A) of A, see |21} 
Remark 1.8]. In the end of this section, we give a sufficient condition for 
two non-isomorphic Hopf algebras Hp sharing the same Green ring. 

In section 5, we study the Jacobson radical J(r(Hp)) of the Green ring 
r(Hp). To this end, we need to compute the number of distinct roots of the 
generalized Fibonacci polynomials, the number of non-isomorphic simple 
modules over R(kG) := C ®z r(kG), and the number of non-isomorphic 
simple modules over R{Hp) := C <8>z r(Hp>). According to the structure 
theorem of the Green ring r{Hp) (Theorem 14. 2|) . we find out that each 
simple module of R(Hp) is a lift of some simple module of R(kG). Thus, 
we obtain the dimension of the Jacobson radical J(R(Hp)), the key to the 
study of the Jacobson radical J{r{Hp)). Moreover, by determining the rank 
of the Jacobson radical J(r(Hp)), we can describe the elements in J(r(Hp)) 
completely. It turns out that the Jacobson radical of r(H) is a principal ideal 
generated by one element (Theorem [52 



In Section 6, we compute the Green ring of a finite dimensional pointed rank 
one Hopf algebra Hp with the group datum T> being of nilpotent type such 
that the group G in T> is a Dihedral group. By the study of the Grothendieck 
ring of the Dihedral group, we describe the Green ring r{Hp) explicitly by 
four generators and five relations. 

Throughout, we work over an algebraically closed field k of characteristic 
zero. Unless otherwise stated, all algebras, Hopf algebras and modules are 
defined over k; all modules are left modules and finite dimensional; all maps 
are k-linear; dim, ® and Horn stand for dim^, <8>ik and Hom^, respectively. 
For the theory of Hopf algebras and quantum groups, we refer to [lOj [151 
HHHni- We use Sweedler's notations for the comultiplication. For a Hopf 
algebra H, we denote by k e the trivial simple //-module and P(V) the 
projective cover of an .ff-module V. 



2. Representations of Hopf algebra Hp of nilpotent type 

In this section, we first recall the construction of a finite dimensional pointed 
rank one Hopf algebra from a group datum T>. Given a group datum T> = 
(G, Xi 9,/J>)i let Hx> be an associative algebra generated by y and the group 
algebra kG subject to the following relations: 

y n = fi{g n - 1), yh = x{h)hy, for all h E G. 

The algebra H-p is finite dimensional with a canonical PBW k-basis {y l h\h G 
G, < i < n — 1}. Thus dim^/p = n\G\, where |G| is the order of G. The 
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linear character % induces an automorphism a of kG: 

a (a) = Ex(oi)o2, Va G kG. 

In this case, y 3 a = a (a)]) 3 holds in Hx> for any a G kG and j > 0. 

The algebra H-p is endowed with a Hopf algebra structure, where the co- 
multiplication A, the counit e, and the antipode S are given by 

A(y) = y®# + l®y, e(y) = 0, 

A(/i) = h®h, e{h) = 1, for all heG, 

S(y) = -yg-\ S(h) = h~\ for all heG. 

It is easy to see that G is the group of group-like elements in Hx>. The 
Hopf algebra iJp is called a pointed rank one Hopf algebra in [llj or a non- 
semisimple monomial Hopf algebra in [3] . The following proposition gives a 
classification of such Hopf algebras, which comes from [11| Theorem 1 (c)], 
see also [31 Theorem 5.9]. 

Proposition 2.1. Lei V = (G, x, 9, m) anc ^ ^' = (^'i x' ■> 9 ' ■> I 1 ') be two group 
data. Then Hx> and Hx>' are isomorphic as Hopf algebras if and only if there 
is a group isomorphism f : G — > G' such that f(g)=g',X = x'°f an d 
Pfj,'(g' n — 1) = /j,(g' n — 1) for some non-zero (3 G k, where n is the order of 

x(g)- 

In case the group datum V = (G, x, 9-, A 4 ) IS °^ nilpotent type, namely, /i(g n — 
1) = 0, where n is the order of x(s)> then it is either /i = or g n — 1 = 0. 
In either case, Proposition 12.11 implies that the Hopf algebras constructed 
from the group data (G,x-,9iH) and (G, x,9, 0) respectively are isomorphic. 
Because of this fact, we may assume that \x = for any group datum 
T> = (G, Xi 9)M) °f nilpotent type. From now on, we deal only with the 
group data of the form V = (G, x-> 9-> 0)- We call such a Hopf algebra Hx> of 
nilpotent type. In this case, y n = holds in Hx>- 

Throughout the paper, we fix the following notations. Let H := Hx> be the 
finite dimensional pointed rank one Hopf algebra stemming from a group 
datum T> = (G, x-> 5> 0) of nilpotent type. Let {Vi, V2, • • ■ , V m } be a complete 
set of non- isomorphic simple kG-modules, where V\ = k e , the trivial kG- 
module. Let n > 2 be the order of x(#). Then xi.9) ls a primitive n-th root 
of unity (n > 2 implies that g / 1 and x/4 Note that y n = and the 
quotient algebra H/(y) = kG is semisimple. Hence, the Jacobson radical J 
of H is generated as an ideal by the nilpotent element y. Let e = T^Yj^Qh. 

Then ey n ~ l G J H and y n ~ 1 e G f^. It follows from [131 Proposition 2.5] that 
H is neither unimodular nor symmetric. 

Note that J = (y) = yH = Hy. Thus, an Lf-module V is semisimple if and 
only if yV = 0. Moreover, V is simple if and only if yV = and V is simple 
as a kG-module. Therefore, we have the following lemma. 
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Lemma 2.2. Let V\, Vi, ■ ■ ■ , V m be all non-isomorphic simple kG -modules. 
Then V\, V2, ■ ■ ■ , V m form a complete set of non-isomorphic simple H -modules 
such that yVi = 0, for 1 < i < m. 

Following Lemma 12,21 we see that each simple H- module Vi , restricts to 
a simple kG-module. Therefore, there is a primitive idempotent e, of hG 
such that V{ = kGei. Since e, is also a primitive idempotent of H and 
Hei/JHei = Vi, we conclude that Hei is the projective cover of the simple 
module Vi, for 1 < i < m. Obviously, e\, &ii • • • , e m are all primitive idem- 
potents of H if and only if H is basic. Now let us decompose Hei as the 
following direct sum of vector spaces: 

Ha = ^Gei ykGei y 2 kGei © • • • © y n_1 kGei. 

Then we have the following ascending chain of i^-modules: 

= J n H ei C J n - x Hei C • • • C J 2 Ha C JH a C J Hei = Ha, 

where Ji Hei = V 3 Hei = y J k.Gei © • • • © y n ~ 1 hGei. In fact, the chain forms 
a composition series of Hei with the composition factors: 

J j Ha/J j+1 Ha = yikGa = kGyM = kGo-i(a)yi ^ kGa j (a), 

for 1 < i < m and < j < n — 1. 

Let M(i,j) denote the following ff-module: 



Haj J 3 Ha = kGei © ykGei © ■ ■ ■ © yi~ x kGei, 
for 1 < i < m and 1 < j < n. Then we have the following results. 
Theorem 2.3. For 1 < i, k < m and 1 < j,l <n. 

(1) socM(i,j) = kGa j - l (ei), M(i,j)/JM(i,j) = kGe t and the projec- 
tive cover P{M{i,j)) of M(i,j) is isomorphic to Ha = M{i,n). 

(2) M(i,j) is indecomposable and uniserial with dim M{i,j) = jdimVi. 

(3) H is a Nakayama algebra and hence is of finite representation type. 

(4) M(i,j) = M(k,l) if and only ifi = kandj = l. Thus, {M(i,j)\l < 
i < m, 1 < j < n} forms a complete set of indecomposable finite 
dimensional H-modules up to isomorphism. 

Proof. (1) Since J = (y), we have 

socM(i, j) ={«£ M(i,j) \ yu = 0} 



yi^kGa = kGo-J- 1 ^^- 1 ^ kGa j ~ l (ei), 



and JM(i,j) = yM(i,j) = ykGei © • • • © yi^kGei. It follows that 



M(i,j)/JM{i,j) = kGa = kGa, 

and 

P(M(i,j)) <* P(M(i,j)/JM(i,j)) * P{kGa) * Ha = M(i,n). 
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(2) Note that socM(i,j) is simple by Part (1). Consequently, M(i,j) is 
indecomposable. Denote by Nij the submodule of M(i,j): 



■-D 



N it i = y l kGei • • • yi~ x \Gei 

for < I < j — 1. Suppose that N is a non-zero submodule of M(i,j). 
Then there exists a largest I such that N C Nil. Since iVjj+i is a maximal 
submodule of iV^j, we conclude that iV + iVj^+i = JV^j. However, iVj^+i = 
JNij, whence iV = iVj^ by Nakayama's lemma. Thus M(i,j) is uniserial. 
The fact that the dimension dimM(z, j) = j dimVi is obvious. 

(3) Since H is Frobenius and hence self-injective, by [H Ch IV, Proposition 
3.1], an i^-module is projective if and only if it is injective. It follows that 
M(i, n) = Hei is both the indecomposable projective and indecomposable 
injective module. We conclude that H is a Nakayama algebra. 

(4) If M(i,j) ^ M(k,l), then by Part (1), 

kGa ^ M{i,j)/JM(i,j) ^ M(k,l)/JM(k,l) ** kGe k , 

for 1 < i, k < m. This implies that i = k. Comparing the dimensions of 
the vector spaces we obtain that j = I. Note that every indecomposable H- 
module is uniserial and isomorphic to a quotient of an indecomposable pro- 
jective module. Thus, every finite dimensional indecomposable -ff-module is 
of the form M(i,j), for some 1 < i < m and some 1 < j < n. I 

3. Clebsch-Gordan decomposition formulas 

We have seen in section 2 that the Hopf algebra H has ran non-isomorphic 
indecomposable modules M(i,j), 1 < % < m and 1 < j < n, where m is 
the number of non-isomorphic simple kG-modules. The aim of this section 
is to study the decompositions of the tensor products of indecomposable 
if-modules M(i,j). The technique we will apply is entirely based on [H[7j. 
Since the Taft algebras, the generalized Taft algebras and the half-quantum 
group u+ [7] are all pointed rank one Hopf algebras of nilpotent type, the 
results obtained in this section extend the results appeared in [2|[71 [12]. 

Let x be a variable. For any 1 < i < m, k € N, denote by x V{ the set of 
elements of form x u, u G V%. Consider x Vi as a vector space defined by 

x k u + x k v = x k {u + v), and X(x k u) = x h (Xu), Mu,v G Vi, A € k. 

j-i 
Then the direct sum x Vi is an H- module defined by 
fc=o 



and 



h(x k u) = - T -—x k hu, 

x O) 

. k , f x k+l u, < k < j - 
y(x k u) = < - -j 
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3-1 

for all h G G and u € V^. The direct sum © i ^ is isomorphic to M(i,j) 

k=o 
as iJ-modules because of the following isomorphism: 

T, x u k ^ s y k Pi{u k ), for tifc G Fj, < fe < j - 1, 

fc=0 k=0 

where Pi : Vi —> kGe^ is a kG-module isomorphism. Hence, in the sequel, we 

3-1 

shall identify M(i,j) with x Vi equipped with the foregoing i^-module 

fc=o 
structure, namely, 

M(i,j) = {x k u \ueVi, < k < j - 1}. 

Let V x and V x -i be the two (1-dimensional simple) kG-modules correspond- 
ing to the linear characters x an d X~ l respectively. For any simple kG- 
module V s , the tensor product V x -i V s = V s V x -i is also simple. Hence 
there is a unique 1 < r(s) < m such that 

Since V^ (g> K,-i = k e , we obtain that for any 1 < s, k < m, s ^ k if and 
only if V T t s \ % V t oa if and only if r(s) ^ r{k). Therefore, r permutes the 
index set {1, 2, • • • , m} of simple kG-modules. The following properties of 
the permutation r are useful in this section. 

Lemma 3.1. For any 1 < s < m and t G Z, u>e /taue 

(1) Vs ®V x ^V x ®V s ^V T -i (s) . 

(2) F s ®7 r ^y Tl(s) . 

(3) There is a bijective map, denoted by a s j, from V s to V T tt s \ such that 
a S f(av) = <T i (a)5 : Si t(f) ; for any a £ kG and v £ V s . 

Proof. (1) Suppose that V s ® V x = V k , for some 1 < k < m. Then 
V s = V s ®V x <g) V x -i = V k <g> V x -i = V T{k y It follows that s = r(k) and hence 

k = T~ 1 (s). 

(2) Follows from the fact that V x i V x j = V x i+j, for i,j G Z. 

(3) For a fixed non-zero element u € V x -t, the map V s — > V s ®V x -t, v t— > v®u 
composed with the isomorphism V s ®V x -t = V T ti s \ gives the desired bijective 
map. I 

Let Vi, Vj be two simple kG-modules. The tensor product Vi (8) Vj has a 
unique (up to the order) decomposition into a direct sum of simple kG- 
modules, say, (&V S . We need to point out that if the multiplicity of the 

s 

summand V s appeared in this decomposition is m s , then there are m s copies 
of Vs in this decomposition. We fix a kG-module isomorphism / from Vi®Vj 
to V s and let n s be the projection from © V s to the summand V s . 
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Proposition 3.2. For any 1 < i, j < m and 1 < / < n, if ' V; © V} = ®V S , 



s 



fori < s <m. Then Vi <g> M(j, I) = © M(s, I). In particular, V © M(l, I) 
M(i, 1) and V x -i © M{j, I) =* M{t(j), I) . 

Proof. Define a Ik-linear map eft : Vi © M(j, I) — >■ ffi M(s, I) as 

s 

(j){u®x k v) = Y,x k Tr s (f(u<3v)), for < k < I - 1, 

s 

where u £ Vi, v £ Vj. It is easy to check that </> is an injective iJ-module 
morphism. Since Vi © Vj = © V,, we have 

s 

dim(Vi © M(j, I)) = dim V; dim M(j, I) 
= I dim Vi dim V} 
= Zdim(ffiT4) 

s 

= dim(© M(s,Z)). 

s 

Thus, (ft is an .ff-module isomorphism, as desired. I 

Proposition 3.3. For any 1 < i, j < m and 1 < I < n, if ' Vi © V} = ffi V,, 

s 

for some l<s<m, then M(i,2)®M{j,l) = ©(M(s,/ + l)©M(r(s), I -I)). 
In particular, M(l, 2) © M(j, /) ^ M(j, I + 1) © M(r(j), I -I). 

Proof. Since (7 is an element in the center of G, the action of g on the 
simple hG- module Vj is a scalar multiplication by some non-zero element, 
say, f3j. Denote by L the subspace of M(i,2) © M(j,l) spanned by the 
elements 

(3.1) u © x k v + \ k xu © x fe ~ 1 f , for all u € Vi, v G Vj, <k <l, 

where A& = k-ia_ \ an d Q = x{9) is a primitive n-th root of unity for 
n > 2. If k = 0, then Ao = and hence u © t> + Aoxu © x -1 u = u © v. If 
k = I, we have u © x'v = and hence u © x l v + Xixu © x'" 1 ^ = Xixu © x' _1 u. 
Now for any h 6 G, the action of ft, on if © x fe t> + A^xu © x k ~ 1 v is given as 
follows: 



/i(u © x v + Afexu © x v) = hu®hx v + Xkhxu © /ix ' w 

= —j-TTrihu ® x hv + \kxhu © x ~ /iu) € L, 

x fe (ft) 

where < k < /. Note that y(xu) = and y{x l ~ l v) = hold in M(i,2) 
and M(j, I) respectively. Thus, the action of y on u © x k v + X^xu © x k ~ x v 
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is given by: 

y(u © x t> + Afcxn © x ~ v) = xu © gx v + u © x + v + X^xu © x v 

= u © x k+1 v + {% + A fc )xu © x fc v 

= u <8> x k+1 v + A fc+i xu © x fc v G L, 

where < k < Z — 1. In case k = I, we have 

y(Xixu © x' _1 t>) = 0. 

Since the action of i? on L is stable, L is a submodule of M(z, 2) © M(j, Z). 
Now we define a Ik-linear map as follows: 

L -> © M(s, Z + 1), u © x fc v + Afcxu © x fc_1 i; i-> £ x k ir s (f(u © v)), 

s s 

for < A; < Z. Then the map defined above is an injective //-module 
morphism. Since 

dimL= (/ + l)dimVidimV ? - = (/ + 1) dim(© V s )) = dim(© M(s,Z + 1)), 

s s 

we obtain that L is isomorphic to © M(s, I + 1). 

s 

It remains to show that there exists a submodule of M(i, 2) © M(j, I) iso- 
morphic to ©M(t(s),Z-1)). Denote by N the subspace of M(i,2)®M(J,l) 

s 

spanned by the elements 

u © x k v - Ckxu © x k ~ 1 v, for all u eVi, v G Vj, 1 < k < I — 1, 

where Cfc = t^It^t k=t)- Similarly, the action o( H on N is stable as 

showed in the following: 

Zi(u © x fc t> - Ckxu © x fc_1 t;) = —rrrr(hu © x fc /w; - Cfc^Ziu © x k ~ 1 hv) e N, 

X k {h) 

where h & G, 1 < k < I — 1, and 

y(u © x fc t> - CfcX-u © x k ' 1 v) = u © x k+1 v - (k+ixu © x k v G iV, 
where 1 < fc < Z — 2. For the case k = I — 1, we have 

y(u © x ~ w — Qi^ixu © x ~ v ) = 0. 
Now we define a Ik-linear map as follows: 
N -> ©M(r(s),Z-l), -u © x fc u - CfcX-u © x^t; >->■ Sx fc ~ 1 a Sj i(7r s (/(u©i;))), 

s s 

for 1 < fc < Z — 1. A similar argument on dimensions shows that the map 
above is an i^-module isomorphism. We conclude that N is isomorphic to 
©M(r(s),Z-l). 

s 

The rest of the proof is to show that L and N have a trivial intersection. As 
vector spaces, L and iV are graded with homogeneous elements of degree k 
given respectively by u © x k v + X^xu © x k ~ 1 v and u © x k v — (txu © x k ~ 1 v, 
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for u € Vi and v £ Vj. Therefore, it suffices to show that their intersection 
is trivial at each degree. This is straightforward as we have 

f 1 

Afc — Ck 






Proposition 3.4. For any 1 < i,j < m, if V L (g) Vj = ®V S , for some 

s 

1 < s < m, then M(i,2)®M(j,n) = e(M(s,n)0M(r(s),n)). In particular, 
M(l, 2) ® M{j, n) 9i M(j, n) © M(r(j),n). 

Proof. The proof is similar to the one of Proposition 13.31 In the case 
I = n, we have a subspace L of M(i, 2) <g> M(j, n), spanned by the elements 
of the form (|3.ip . Note that u <8> x n v = holds in M(i,n) and A n = 0. 
Thus, u <S> x n v + A n xu x n ~ 1 v = 0. The same argument shows that L 
is a submodule of M(i,2) <g> M(j,n) and isomorphic to ©M(s,n). On the 

other hand, we have a complementary subspace Q of L spanned by elements 
x-u x fc f , for all u E V{, v G Vj and < fc < n — 1, such that Q is a 
submodule of M(i, 2) ® M(j, n) and isomorphic to © M(r(s), n), where the 

s 

isomorphism is given by 

Q ->• ©M(r(s),n), ra © x k v t-> T,x k a S!l (ir s (f(u(g>v))), 

s s 

for < k < n — 1. Hence, we get the desired result. I 

We are now ready to state the main theorem in this section which generalizes 
Theorem 3.1 in [7]. 

Theorem 3.5. For any 1 < i,j < rn, let Vi <g) Vj = © V s , for 1 < s < m. 

s 

Let 1 < k, I < n. 

(1) If k + I - I < n, then 

min{k,l} — l 

Af (t, A;) ® M (j, - © © M(r t (s),A: + /-l-2t). 

s t=0 

(2) If k + I - 1 > n, then 

r min{fc,£} — 1 

M(i,k)®M(j,l) ^©(© M(r*(s),n)© © M(r*(«), fc + / - 1 - 2t)), 

s t=0 t=r+l 

where r = k-\-l — 1 — n. 

Proof. We define M(i, fc) = if A; = 0. We proceed by induction on k+l — 1 
for both cases: k + l — 1 < n and k + l — 1 > n, where 1 < k + l — 1 <2n—l. 
By the associativity of the tensor product, we have 

(3.2) M(l, 2) © [M(i, k - 1) ® M(j, /)] ^ [Af (1, 2) <g> M(i, fe - 1)] © M(j, /). 
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We show Part (1) first. It is obvious that the decomposition holds for k + l — 
1 = 1. For a fixed 1 < p < n — 1, suppose that it holds for 1 < k + l — 1 < p. 
We show that the decomposition still holds for the case k + l — 1 = p + 1 by 
comparing both sides of (13. 21) . Since k + I — 1 = p+1, we map apply the 
induction hypothesis on {k — 1) + I — 1 < p. Thus we have 

min{fc— 1,1}— 1 

M(i,fe-l)®M(j',I)ee e' M(r 4 (s),fc-l + /-l-2t). 

s 4=0 

By Proposition 13.31 the left-hand side of (|3.2p is isomorphic to 

M(l,2)®[M(a-l)gM(j',I)] 

min{fc— l,i}— 1 

=-M(l,2)(g)[e M(r 4 (s),fc-l + /-l-2t)] 

s t=0 

min{fe— 1,/}— 1 

="0 © [M(l, 2) <8i M(r*(s), fe- 1 + Z — 1 — 2*)] 

s t=0 

min{fe— 1,/}— 1 

="© © [M(r t (s),fc-l + Z-2t)©M(r* +1 (s),fc-l + /-2-2t)l. 

s t=0 



To consider the right-hand side of (j3.2|) , since fe + / — 1 = p + 1 implies that 
(A; — 2) + / — 1 < p, then by the induction assumption, 

min{fc-2,Z}-l 

M(i, k - 2) © M(j, I) =■ © © ' M(r*(s),/c-2 + /-l-2t). 

s t=0 



Now we have the following isomorphisms derived from Proposition 13.2 
M(t(i), k - 2) © M(j, I) 



V x -i © M(i, k - 2) © M(j, /) 



min{fc-2,'}-l 

^K-i©(© © M(T t (s),k-2 + l-l-2t)) 

A s 4=0 

min{fc-2,'}-l 

(V x -i © Af(r*(«), Jb - 2 + / - 1 - 2t)) 



4=0 
min{fc-2,Z}-l 



M(r t+i (s),A:-2 + /-l-2t). 

s 4=0 

By Proposition 13.31 the right-hand side of (j3.2|) is isomorphic to 

[M(l, 2) © M(t, fc - 1)] © M(j, 
=■ [M(t,fc)©M(T(i),*:-2)](8)Af(j,0 
=■ [M(t, fc) © Af (J, I)} © [M (r(t), fc - 2) © M(j, I)} 

min{fc-2,/}-l 

=■ [M(i, k) © M(j, 1)] © © © M(r m (s),£;-2 + Z-l-2£). 

s 4=0 
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Comparing the two sides of (|3.2p . we obtain the following: 
If k — 1 < I, then 

M(i, k) © M(j, Z) =* V Af (r*(s), fc - 1 + I - 2t) 

s t=0 

min{fc,£} — 1 

^ffi e M{r\s),k + l-l-2t). 

s t=0 

If k - 1 > Z, then 

Af (i, fc) Af (j, Z) ^ © © Af (r*(s), ft: - 1 + Z - 2t) 

s t=0 

min{fc,£} — 1 

^ffi © M{r\s),k + l-l-2t). 

s 4=0 

If k - 1 = I, then 

M(z, ft;) (8) M(j, Z) ^ © 1 M(r 4 (s), ft; - 1 + I - 2t) 

s t=0 

^© © 2 M(r*(s),ft;-l + Z-2t) 

s t=0 

minjfc,/} — 1 

^© © M(T\s),k + l-l-2t), 

s t=0 

where the second isomorphism holds since Af (r (s), k — 1 + Z — 2t) = when 
t = k — 1. Thus we have proved Part (1) for the case k + l — l=p + l. 

Now we show Part (2). When k + Z — 1 = n, Part (1) and Part (2) coincide. 
For a fixed n + l<p<2n — 2, suppose the decomposition of Part (2) holds 
for n < k + l — 1 < p. We consider the case k + l — 1 = p+1. By the induction 
assumption, Proposition 13.41 and Proposition 13. 3 J, the left-hand side of (13. 2p 
is isomorphic to 

Af (1, 2) © [M(i, k - 1) ® M (j, Z)] 

r min{fc— 1,/}— 1 

^M(l,2)©ffi[ffi M(r*(s),n)© Af(r*(s), ft; - 1 + Z - 1 - 2*)] 

s t=0 t=r+l 

^ [© © (M(t*(s), n) © M(T t+1 (s), n))] 

s 4=0 

min{fe — 1,1} — 1 

©[© © (M(r'(s),ft;-l + Z-2t))ffiM(r i+1 (s),ft;-l + Z-2-2t)], 

s 4=r+l 

where r = k — 1 + Z — 1 — n. 

By Proposition 13.31 the right-hand side of (13. 2p is isomorphic to 

[M(l,2)<8>M(i,fc-l)]<8>M(j,0 
^ [Af (t, fc) © M(r(t), k - 2)] ® Af (j, Z) 
£* [Af (i, fc) © Af (j, /)] © [Af (r(t), k - 2) © Af (j, Z)], 
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and by the induction assumption, 
M(r(i),k-2)®M(j,l) 



V x -i®M(i,k-2)®M(j,l) 



r-l 

( © 
' * 4=0 



min{k-2,l}-l 



-K-i®[e(XM(r*(s),n)e © M(r t (s),k-2 + l-l-2t))] 



t=r 



r-l . . , min{fc-2,Z}-l 



©(© M(r t+i (s),n) 



' M{T t+l {s),k-2 + l-l-2t)) 

t=r 



r-l , . , min{fc-2,Z} 

= ©[© M(r m (s),n)ffi © M(T t (s),k-l + l-2t) . 

s t=0 i=r+l 

Now comparing the two sides of (j3.2|) . we obtain the following: 
If A; — 1 > I, then 



M(i,k)®M(j,l) ^© 

If A; — 1 < I, then 
M (t, k) © M(j, /) ! 

Uk-l = l, then 

M(i, fe) © M(j, Z) ! 



r+l 



© M(y(,s),n 
r ffi M(THs),n 

t=0 



T Mir^s)^ 



r+l 



i=0 



'M(r*(s),n 



r © M^is)^ 



r+l 

© - 

4=0 

r+l 



M(r*(s),n 



e 

s '4=0 



e m^s),™ 



/-i 



M(T t (s),k-l + l-2t)} 

4=r+2 
min{fc,i} — 1 

© M(r*(s), fc + l-l-2t)l. 

t=r+2 



© M(r*(s),fe-l + /-2i)] 

4=r+2 
min{fc,£} — 1 

© M(r i (s),A: + /-l-2i)]. 

4=r+2 



1 M(T t (s),k-l + l-2t)} 

t=r+2 

© V M(T*(s),fc-l + Z-2t)l 

t=r+2 
minjfci} — 1 

© © M(r*(s),A; + Z -l-2i)l, 

t=r+2 



where the second isomorphism holds since M{T t {s), k — \ + l — 2t) = when 
t = k — 1. Therefore, the decomposition in Part (2) holds for the case 
k + l — l=p + l. The proof is completed. I 



By switching the indexes (i, k) with the indexes (j, I) in Theorem I3.5( we 
obtain the following commutativity. 

Corollary 3.6. For any 1 < i,j < m and 1 < k,l < n, we have an 
isomorphism: M(i, k) © M(j, I) = M(j, I) © M(i, k). Consequently, for any 
finite dimensional H -modules M and N, we have an H -module isomorphism 

M®N ^N ©M. 
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Let A be a quasi-cocommutative (or almost cocommutative) Hopf algebra. 
Then M <g> N = N ® M holds for all ,4-modules M and N, see [T5J Lemma 
10.1.2 and Proposition 10.1.4]. Corollary 13.61 shows that the tensor product 
is commutative despite the fact that the Hopf algebra H is not necessary 
quasi-cocommutative. The perfect example is the half-quantum group uf, 
which is pointed rank one of nilpotent type, but is not quasi-cocommutative 
in general [TJ Proposition 2.1]. 

To end this section, we describe the dual indecomposable i?-modules. Recall 
that the dual space M* := Hom(M, k) of module M over H can be given a 
left .ff-module structure by means of the antipode S [15} H9]: 

(hf)(v) = f(S(h)v), ioxheH, f £ M* and v G M. 

Proposition 3.7. For any 1 < i < m and 1 < j < n, we have H-module 
isomorphism M(i,j)* = M(r 1_J (i*), j), where 1 < i* < m such that (Vi)* = 
Vi* . Moreover, M(i,j) is self-dual if and only if i* = r- ? ~ 1 (i). 

Proof. We first consider the dual M(l,j)* of the indecomposable module 
M(l,j). Since V\ = k e is trivial over H, for a fixed non-zero element u E V\, 
the elements x k u, < k < j — 1 form a basis of M(l, j). Let (x k u)* be the 
dual basis of x k u. Then the actions of h G G and y on (x h u)* are given 
respectively by h(x k u)* = x k (h)(x k u)* and y(x k u)* = -\ h {g){x k ^ 1 u)* , 
for < k < j — 1. Here we point out that yu* = 0. Thus, M(l,j)* is 
isomorphic to M(r 1_ ' ? (l), j), and the isomorphism is given by 

(x k u)* ^ {-Ifx^^^x^^ax^iu). 
By Proposition 13.21 and Lemma 13. 11 we obtain that 

M(i,j)* * (M(l, j) Vi)* * (Vi)* M(l,j)* 

* (Vi)* M^-^l), j) = V t * V T i- i(1) ® M(l,j) 

- F TW(i .) ® M(i,j) - M^-^r), j), 

as desired. I 

4. The Green ring and the projective class ring of Hx> 

In this section, we compute the Green ring and the projective class ring 
of the Hopf algebra Hx> respectively. Recall that the Green ring (or the 
representation ring) r(A) of a Hopf algebra A is defined as follows (see 
l2~Tl 123]). As an abelian group r(A) is generated by the isomorphism 
classes [V] of finite dimensional A-modules V modulo the relation [M©iV] = 
[M] + [N]. The multiplication of r(A) is given by the tensor product of A- 
modules, that is, [Af][iV] = [M (£> N]. Thus r(A) is an associative ring with 
identity 1 = [k £ ], where k £ is the trivial j4-module. Note that r(A) is a free 
abelian group with a Z-basis {[V] \ V € ind(^4)}, where ind(^4) denotes the 
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set of finite dimensional indecomposable A-modules. Now we fix a group 
datum V = (G,x, 9, 0) of nilpotent type, and let H = Hx>- We shall first 
determine the Green ring r(H). Following Corollary 13.61 we know that the 
Green ring r(H) is commutative. Let 1 = [Vi] and a = [V x -i] = [V T m]. The 
following lemma is a consequence of Proposition 13.21 Proposition 13.31 and 
Proposition 13.41 

Lemma 4.1. The following hold in the Green ring r(H): 

(1) [M{i,k)\ = [Vi\[M(l,k)], forl<k<n andl<i<m. 

(2) [M(l,fc+1)] = [M(l,2)][M(l,k)]-a[M(l,k-l)], for2 < k <n-l. 

(3) [M(l,2)][M(l,n)] = (l + a)[M(l,n)]. 

Since kG is a Hopf subalgebra of H, the Green ring r(kG), generated by 
[Vi] for 1 < i < m, is a subring of r(H). Note that hG is semisimple. Thus 
the Green ring r(kG) is equal to the Grothendieck ring Go(kG). Since the 
Jacobson radical J = (x) of H is a Hopf ideal, and H/J = hG, we obtain 
that the Grothendieck ring Gq{H) of H is isomorphic to Go(kG) [13 1 . 

Let h[y, z] be the polynomial ring with variables y and z over k. Let 
Fi(y,z) € k[y, z] be the generalized Fibonacci polynomials defined recur- 
sively as follows (see [2J J2J): 

F\{y,z) = 1, F 2 {y,z) = z and F^z) = zFi_i(y,z) -yFi^ 2 (y,z), i > 3. 

Note that the polynomials Fi(— l,z) S h[z] are the well-known Fibonacci 
polynomials [8]. We have the following main result. 

Theorem 4.2. Let r(kG)[z] 6e i/ie polynomial ring with one variable z over 
r(hG). Then the Green ring r(H) is isomorphic to r(kG)[z]/I, where I is 
the ideal of r(kG)[z] generated by the element (z — a — l)F n (a, z). Moreover, 
under the isomorphism the image of F s (a,z) is [M(l,s)], for 1 < s < n. 

Proof. According to Lemma l4.lt r{H) is commutative and generated as 
a ring by [M(l,2)] over r(kG). Hence there is a unique ring epimorphism 
$ from r(kG)[z] to r{H) such that 

g(z)^g([M(l,2)]), 

for any polynomials g(z) € r(kG)[z]. It is easy to check by induction on 
s that $(F s (a,z)) = [M(l,s)], for 1 < s < n. Now let I be the ideal of 
r(kG)[z] generated by the element {z — a — l)F n (a, z). By Lemma l4~T1 (3), 
we have 

$(( z _ a _ i) Fn ( a; z )) = ([ M (l, 2)] - a - 1)[M (1, n)] = 0. 

This leads to a natural ring epimorphism $ from r(hG)[z]/I to r(H) such 
that <j?(g(z)) = $>(g(z)) for any g{z) € r(kG)[z], where g{z) stands for the 
coset of g(z) in r(kG)[z]/F Observe that, as a Z-module, r(kG)[z]/I has 
a Z-basis {[V^]^ | 1 < i < m, < j < n — 1}. Thus, we conclude that 
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r(hG)[z]/I and r(H) both have the same rank mn as free Z-modules and 
therefore the map <3? must be an isomorphism. I 

According to Theorem 13.51 the abelian group generated by the isoclasses of 
semisimple and projective modules of H modulo the relation [M © N] = 
[M] + [N] is a subring of r(H). We denote this subring by p(H) and call it 
the projective class ring of H [4j. It follows from Theorem 13.51 that p(H) as 
a free Z-module has a Z-basis {[V^], [M(i,n)] | 1 < i < m\. 

Theorem 4.3. Let z' = F n (a,z) £ r(kG)[z]. Then the projective class 
ring p(H) is isomorphic to r(kG){z'}/L' , where I' is the ideal of r(kG)[z'] 
generated by z' 2 — (1 + a + • • • + a n ~ l )z' . 

Proof. By Lemma [4. 1\ p(H) is generated as a ring by the projective mod- 
ule [M(l,n)] over r(kG). It follows from Theorem 13.51 that 

[M(l, n)] 2 - (1 + a + • • • + a n - l )[M{l, n)] = 0. 

The rest of the proof is similar to the proof of Theorem [ 



In general, the monomial category aM- of representations over a Hopf al- 
gebra A can not be completely determined by the Green ring r(A) of A. 
For example, let D$ be the Dihedral group of order 8, Q& the Quaternion 
group, and A% the unique noncommutative and noncocommutative semisim- 
ple Hopf algebra of dimension 8. Then the Green rings r(hD&), r(kQs) and 
r(As) are isomorphic. But the tensor categories kD g .M, IlQ s M. and a s M 
are not (tensor) equivalent to each other [211 Remark 1.8]. Therefore, two 
non-isomorphic Hopf algebras may possess the same Green ring. In the rest 
of this section, we give a sufficient condition for two non-isomorphic Hopf 
algebras Hz> sharing the same Green ring. 

Proposition 4.4. Let V = (G, x, g, 0) and V = (G, x',5, 0) be two group 
data of nilpotent type. Suppose that x(g) ^ x'id) an d there is an automor- 
phism 5 of r(kG) such that 5(a) = a', where a = [V x -i] and a' = [V x i-i]. 
Then the Hopf algebras Hx> and H-p* are not isomorphic. But the Green 
rings r(Hx>) and r(-ffp') are isomorphic. 

Proof. Since xis) ¥" x'(d)^ it follows from Proposition 12.11 that the Hopf 
algebra H-jy could not be isomorphic to Hx>'- By Theorem 14.21 the Green 
ring r(Hx>) (resp. r(Hx>>)) is isomorphic to r(kG)[z]/I, where I is the ideal 
of r(kG)[z] generated by the element (z — a — l)F n (a,z) (resp. (z — a' — 
l)F n (a', z)). Hence, the automorphism 8 of r(kG) such that 5(a) = a' 
induces an isomorphism from r(Hx>) to r(Hx>>). I 

Example 4.5. Let G be a cyclic group of order n generated by g, x a linear 
character of G such that the order of x is n and a = [VL-i]. Given two 
group data V = (G, x, <?, 0) and V = (G,x l ,9,0) such that (i,n) = 1. Then 
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the Hopf algebras Hx> and Hx>> are nothing but two Taft Hopf algebras. It is 
easy to see that the Green ring r(kG) is isomorphic to 7LC n , where C n = (a) 
is a cyclic group of order n. Let 5 be the endomorphism of 7LC n defined by 
5(a) = a 1 . Then 5 is an automorphism ofEC n . By Proposition ^. 4\ the Taft 
algebras Hx> and H-pi are not isomorphic, but the Green rings r(Hx>) and 
r(Hx>i) are isomorphic. 

5. Jacobson radical of the Green ring 

In this section we assume that the Hopf algebra H = Hx> is defined over 
k = C. We shall study the Jacobson radical J(r(H)) of the Green ring r(H) 
using the fact that if F is a free Z-module of finite rank, then the dimension 
of C <8>z F is equal to the rank of F. This holds for each submodule of F 
since a submodule of a free Z-module is free. 

Suppose that the order of \ m the group datum T> = (G, x, g, 0) is I. Then 
so is the order of a = [V x -i]. Note that q = x{d) ls a primitive n-th root 
of unity, and q l = (x(g)) = X\9) = 1- So / is divisible by n. Since kG 
is semisimple, the complexified Green ring R(kG) := C <S>z r(kG) of kG 
is a commutative semisimple algebra, see [23j [24] ■ As a consequence, all 
the simple modules over R(kG) is one dimensional and the number of non- 
isomorphic simple modules is equal to the rank of r(hG), whereas the rank of 
r(kGr) is equal to the number of non-isomorphic simple kG-modules, namely, 
m. Let W\, W2, • • • , W m be a complete set of non-isomorphic simple R(kG)- 
modules. Then the action of a on Wj is the scalar multiplication by w J ', 
where u = cos -f- +i sin -j- is a primitive l-th. root of unity and < t j < I — 1. 
Denote the index sets by 

Hi = {j I l<j<rn,tj = 0}, 



and 



^2 = {j I 1 < j < m, tj / and - \ tj} 

^3 = {j I 1 ^ j ^ rn i tj 7^ and — I tj}. 



The cardinality of the above sets Qi, VL2 and ^3 are denoted by d\, ^2 and 
d% respectively. Obviously, ^1 + ^2 + ^3 = m. For 1 < j < m, let Nj stand 
for the number of distinct roots of the equation (z — Lo tj — l)F n (u> tj , z) = 0. 
Then we have the following lemma, which is similar to |12} Proposition 4.2]. 

Lemma 5.1. If j G ^3, then Nj = n — 1. If j SfiiU SI2, then Nj = n. 

Proof. Let b = cos(^ + ^) + i sin(^ + ^). Then b 2 = -uj l i . The con- 
nection between the polynomials F s (oj t: > ,z) and the Fibonacci polynomials 
F s (—l,z) is established by induction on s as follows: 

F s {J\z) = 6 s_1 F s (-l 5 6 _1 z), for s > 1. 
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In particular, F n (oj tj ,z) = b n ~ 1 F n (—l,b^ 1 z). Since the distinct roots of 
F n (— 1, z) = are z^ = 2icos -^, for 1 < k < n — 1, here i 2 = — 1, see [8J. 
It follows that the distinct roots of F n (u tj , z) = are Zk = 2bi cos -^ , for 
1 < k < n — 1. This implies that the equation (z — ui tj — l)F n (u tj , z) = 
has roots u^ + 1 and 2bicos — , 1 < k < n — 1. Now u/j + 1 = 2bicos — 

if and only if cos -4- = cos -^- if and only if k = s and tj = -^ , for a unique 
1 < s < n — 1. Therefore, there are n — 1 distinct roots if j € ^3, and n, 
otherwise. I 

Proposition 5.2. Lei R(H) := C ®2 r {H), the complexified Green ring of 
r{H). Then 

(1) R(H) has exactly mn — d^ simple modules and each of them is of 
one dimension; 

(2) the dimension of the Jacobson radical J(R(H)) of R{H) is d%. 

Proof. (1) The fact that R{H) is commutative and the ground field is C 
implies that each simple R(H)-modu\e is of one dimension. According to 
Theorem 14. 2 \ the Green ring r{H) of H is isomorphic to r(hG)[z]/L This 
means that each one dimensional R(H)-modu\e is a lift from a one dimen- 
sional R(hG) [z]-module. Since the action of a on each simple i?(kG)-module 
Wj is a scalar multiplication by Lu tj , Wj becomes a simple i?(i^)-module if 
and only if the action of z on Wj is a scalar multiplication by a root of the 
equation (z — oji — l)F n (oo j ,z) = 0. This equation has Nj distinct roots. 
We conclude that the number of non-isomorphic simple R(H )-modules lifted 
by Wj is Nj. By Lemma 15. 11 the number of non-isomorphic simple R(H)- 
modules is TTJL-^Nj = (m — dz)n + dz{n — 1) = mn — cfe. 

(2) Note that the dimension of R(H) is mn and the dimension of the quotient 
algebra R(H)/ J{R(H)) is equal to the number of non-isomorphic simple 
i?(/7)-modules, namely, mn — d%. Thus, the dimension of the Jacobson 
radical J{R{H)) of R(H) is d 3 . I 

Now let 9 = (1 - o)(l + a" 1 + a 2n + • • • + a ( n" 1)n ) and (9) the ideal of r(kG) 
generated by 9. Then C <g) Z (9) is an ideal of R(kG) = C ® z r(kG). 

Lemma 5.3. The following hold: 

(1) The rank of {9) is d%. 

(2) The rank of [P(k £ )](9) is equal to the rank of (9), where [P(k £ )]{9) 
is a submodule of the free Z-module r(H). 

Proof. (1) Note that the quotient algebra R(kG)/(C <8>z (#)) is commuta- 
tive semisimple. We first determine the dimension of R(kG)/(C ®% (9)) by 
calculating the number of non-isomorphic simple -R(kG)/(C<8>z(0))-modules. 
Observe that each simple R(kG)/(C ®z (^})-module is precisely a simple 
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P(kG)-module Wj such that 9Wj = 0, whereas, 9Wj = if and only if 

(1 - w 4 0(l + ^ nt] + ^ 2nt] ■■■ + w ( "~ lHj ) = 0, 
which is precisely j G fii U i^- As a consequence, there exist exactly d\ + 
d 2 distinct simple R(kG)/(C (g>z (#))-modules and hence the dimension of 
R(kG)/(C <g>z (9)) is d\ + d 2 . We obtain that the dimension of C ®% (9) is 
m — {d\ + d 2 ) = d%. Therefore, as a free Z- module, the rank of (9) is d%. I 

(2) We prove the general case: if / is an ideal of r(kG), then both I and 
[P(k £ )]J have the same rank. Suppose 9\, 9 2 , ■ ■ ■ ,9k is a Z-basis of I. Ob- 
viously, [P(k £ )]I is generated by [P(k £ )]0i, [P(k £ )]0 2 , ■ • ■ , [P(K)]9 k as a 
free Z-module. We claim that the foregoing generators form a Z-basis of 
[P(k e )]I. Indeed, if a 1 [P(k £ )]0 1 + a 2 [P(k £ )]9 2 + ■■■ + a k [P(k £ )]9 k = 0, 
where each Oj € Z, then we have 

(5.1) [P(k £ )] {arfi + a 2 9 2 + ■■■+ a k 9 k ) = 0. 

Let Kq (H) denote the Grothendieck group of the category of finite dimen- 
sional projective left if-modules, that is, the abelian group generated by the 
isomorphism classes [M(i, n)] of projective -ff-modules M(i, n) modulo the 
relations [M(i,n) M(j,n)] = [M(i,n)} + [M(j,n)}. Then K (H) is a free 
abelian group with a basis {[M(z,n)]|l < i < m}. It is obvious that Kq(H) 
admits a right action from G (H) = r(kG): [M(i,n)} ■ [Vj] = [M(i,n)<g)Vj]. 
Thus Kq(H) is a right module over Gq(H). In fact, Kq{H) is free of rank 1 
with generator [P(k £ )] = [M(l,n)]. Now the equation (I5.ip implies that 

K {H){a 1 9 1 + a 2 9 2 + ■■■ + a k 9 k ) = 0. 

Since the r(kG)-module Kq(H) is faithful [13], we obtain that ai#i + 026*2 + 
• • • + a k 9 k = 0. As a consequence, «j = 0, for 1 < i < k. Therefore, the 
rank of I is equal to the rank of [P(k £ )]I. I 

Theorem 5.4. The Jacobson radical of r(H) is a principal ideal generated 
by the element [P(k £ )]9. 

Proof. Note that P(k e ) = M(l,n). We show that the square of each 
element in [M(l,n)]{9) is zero. By Theorem 13.51 we have 

[M(l,n)] 2 = (l + a+---+a n - 1 )[M(l,n)}, 

and 

(1 + a + ■ ■ ■ + a n - l )9 = (1 - a n )(l + a n + a 2n ■ ■ ■ + a^~^ n ) = l-a l = 0. 

This yields that [P(k e )](0) C J(r(H)). Now by Lemma [O] we know that 
the rank of [P(k e )](9) is d%, and consequently, the rank of J{r(H)) is equal 
or greater than d%. On the other hand, since C ®% J{r{H)) C J(R(H)) 
and by Proposition 15.21 the dimension of J{R(H)) is d%, we obtain that 
the rank of J(r(H)) is equal or less than d%. We conclude that the rank of 
J{r{H)) is equal to d 3 . Therefore, J(r(H)) = [P(k £ )](0). Let {[P(k £ )]9) be 
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the principal ideal of r(H) generated by [P(k e )]0. We have the following 
inclusions: 

J(r(H)) D ([P(k E )]9) D [P(k £ )](9) = J{r{H)). 

It follows that J{r{H)) = ([P(k £ )]9), as desired. I 

Since the Jacobson radical ([P(k £ )]9) is contained in the projective class 
ring p(H), we have the following consequence. 

Corollary 5.5. The Jacobson radical of p(H) is equal to ([P(h e )]9). 

6. An example 

In this section, we compute the Green ring of a pointed rank one Hopf 
algebra H%> of nilpotent type such that the group G in the group datum V 
is a Dihedral group D 2s - 

Assume that s > is a fixed odd integer. The Dihedral group of order 2s is 
defined as follows: 

D 2s = (b,c\b 2 = c 2s = (cb) 2 = l), 

where c s is the unique non-trivial central element of D 2s ■ The simple mod- 
ules over the group algebra CD 2s are given as follows 



• four 1-dimensional simple modules: 

F(iJ) :c ^(-l)\ b^(-l) j , iJeZ 2 , 

• s — 1 simple modules of dimension 2: 

"» ! ^(o £)•'"(! J)'^'s»-i, 

where 9 is a 2s-th primitive root of unity. 

For the sake of completeness, we include the Grothendieck ring Go(CZ?2«) of 
the Dihedral group CI?2s described by generators and relations. The result 
might be found in other literature. We know that the number of simple 
CL>2s-modules is4 + s — 1 = s + 3, and so is the rank of Gq(CD2 S )- The 
following decompositions of the tensor products of simple modules of L>2s is 
straightforward and hence we omit the proof. 

Proposition 6.1. (1) F{i,j)®F(k,t) = F(i + k,j + t), i,j,k,teZ 2 . 

(2) F(0,j) ® V(l) ^ V(l), j G Z 2 , 1 < I < s - 1. 

(3) F(l,j) ® V(l) <* V(s - I), j E Z 2 , 1 < I < s - 1. 

(4) V(0 ® V(/i) = V(l -h)®V(l + h), l<l,h<^ and I > h. 

(5) V(l)®vil)^V(2l)(BF(0,0)®F(0,l), l<l<e=±. 

We need the following lemma. 
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Lemma 6.2. For 2 < i < s - I, [V(i)\ = [V(i - 1)][V(1)] - [V(i - 2)] holds 
in Go(CD 2s ), where [V(0)\ := [F(0, 0)] + [F(0, 1)]. 

Proof. By Proposition 16.11 (4). we have 

(6.1) [V(i)} = [V(i - 1)][V(1)} - [V(i - 2)], for 3 < i < S -±±. 

To show that it holds also for ^±3 < % < s — 1, we multiply by [F(l, 0)] both 
sides of the equality (16. ip . According to Proposition 16.11 (3), we have 

[V(s - i)\ = [V(s - i + 1)][V(1)] - [V(s - i + 2)]. 

Let j = s — i + 2, then ^^ < j ' < s — 1 and the above equality becomes 

[V(j)] = [V(j-l)][V(l)}-[V(j-2)}. 

Therefore, [V(i)] = [V{i - 1)][V(1)] - [V{i - 2)] holds for 3 < % < s - 1. For 
the case i = 2, the equality follows from Proposition 16.11 (5). I 

Let Z[»i,X2, x 3 ] be a polynomial ring over Z with variables x\, x 2 , x 3 . We de- 
fine a sequence of polynomials fi(x2,x 3 ) in the subringZ[x2,X3] of Z[xi,X2,x 3 ] 
recursively as follows: 

fo(x2,X 3 ) = l + X 2 , fl(x2,X 3 )=X3, 
fi(x2,X 3 ) = X3/j_l(x2,X 3 ) - fi-2(x2,Xz), for i > 2. 

Then we have the following. 

Lemma 6.3. Let {X2X3 — X3) be the ideal ojTL\x2^x 3 \ generated by X2X3 — X3. 
Then fori > 3, fi(x2,x 3 ) = x\ + hi(x 3 )+pi(x2) modulo the ideal (X2X3 — X3}, 
where hi(x 3 ) € %[x 3 ] with degree i — 2 and Pi{x 2 ) £ Zfa^]- 

Proof. By induction on the index i. I 

Theorem 6.4. Let L be the ideal ofL[x\, X2, x 3 ] generated by the polynomials 

x\ — 1, x\ — 1, x?x 3 — x 3 , /»+i (x?, x.s) — xi fs-i (x2, x 3 ). Then the Grothendieck 

2 2 

ring Go(C-D2s) o/CZ?2s ^ isomorphic to the quotient ring Z[x\,X2,x 3 ]/I. 

Proof. By Proposition 16.11 (1) and Lemma 16.21 the Grothendieck ring 
Go(CD2s) of CZ?2s is generated as a ring by generators [_F(1,0)], [F(0, 1)] 
and [V(l)]. Hence, there is a unique ring epimorphism 93 from Z,[xi,X2,x 3 ] 
to Go(CD2s) such that 

¥>(*i) = [F(l,0)j, v?(x 2 ) = [F(0,1)] and <p(x 3 ) = [V(l)]. 

Moreover, it is easy to check by induction on i that ip(fi(x2,x 3 )) = [V(i)], 
for 1 < i < s — 1. According to Proposition 16.11 the ideal / of Z[xi,X2,x 3 ] 
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is contained in the kernel of (p, that is 

^(x?-l) = [F(l,0)] 2 -[F(0,0)]=0, 

^-1) = [F(0,1)] 2 -[F(0,0)]=0, 

<p{x 2 x 3 - x 3 ) = [F(0, 1)][V(1)] - [V(l)} = 0, 

f(f s ±l(x 2 ,x 3 )-x 1 f^ 1 (x 2 ,x 3 )) = {V( S -±1)} - [F(l,0)][vC-^-)]=0. 

2 2 2 2 

Thus, (p induces a ring epimorphism Tp from r L[x\,X2,x 3 \/I to Gq(CD2 S ) 
such that Tp(f) = <p(f) for any / G Z[xi,X2,Xs\. 

If s = 1, then = /*+i fa, £3) -3:1/^1(12,13) = /lfa, £3) -xifo(x 2 ,x 3 ) = 
2 2 

^3-^1(1 + ^2) holds in Z[xi,X2,x 3 ]/I. Hence as a Z-module, Z[xi,X2,x 3 ]/I 
has Z-basis {l,x\,x~2,x\X2} and the rank of "L\xi,X2,xs\/I is 4, which is 
equal to the rank of Go(Ci?2s)- It follows that 99 is an isomorphism. 

If s = 3, thenO = fs ±1 (x2,x 3 )-x 1 fs^i(x 2 ,x 3 ) = / 2 fa,x 3 ) -xi/ifa,^) = 
2 2 

x|— X1X3— X2 — 1 holds in Z[xi,X2,X3]/I. Hence, as a Z-module, r L[x\,X2-,x 3 \/I 
has Z-basis {1, aFf, »2, X1X2, #3, Xix 3 } and the rank of Z[xi, 2:2,2:3]/^ is 6, the 
same as the rank of Go(CD2s)- Therefore, 99 is an isomorphism. 

If s = 5, then we have = fs+i fa, x%) — %j fs-i fa, x 3 ) = f 3 (x2,x 3 ) — 

2 2 

£1/2(^2,^3) = x\- x\x\ - (2 + x 2 )x 3 + xi(l +x 2 ) in Z[xi,x 2 ,x 3 ]/I. Thus, 
as a Z-module, Z[xi, £2,2:3] /I has Z-basis {1, x±,X2, x\x 2 , X3, x\, X1X3, x\x^} 
and the rank of 'L\xi,X2,x 3 \/I is 8, the same as the rank of Gq(CD2 S ). So 
Tp is an isomorphism. 

If s > 7, by Lemma loT3"l the following hold in Z[xi, 2:2,2:3] /I, 

= /*±i fa, £3) -xif s= i(x2,x 3 ) 

s + 1 s-1 

= Xo 2 -xix, 2 + hs+i fa) — x^hs-\ fa) + ps+i fa) — xiiPs-i fa), 
2 22 2 

where the degree of Tis+ifa) and fos^ifa) are ^^ and ^^ respectively. 

Hence, as a Z-module, Z[xi,X2, x 3 \JI has Z-basis 

1 



{1,X1,X2,X1X2,X|,X1X||1 < i < — — }. 



5-1 

_ 2 

the same as the rank of Gq(CZ?2s)- Hence ^ is an isomorphism. 



We conclude that the rank of Z[xi , X2, x 3 ]/I is 4 + 2 x ^— = s + 3, which is 



Denote by x the character of the simple CL>2s- m odule F(1,0). It is obvious 
that the order of x 1S 2. The Hopf algebra Hx> stemming from the group 
datum V = (Z?2s, X, c s , 0) is of nilpotent type. Note that q := x( aS ) = 
(— l) s = —1, is of order 2. By Theorem 12.31 the se t of indecomposable 
ifx>-modules consists of simple modules and their projective covers. Let 
a = [V x -i] = [V x ] = [F(1,0)]. Then, a 2 = 1. By Theorem H2J the Green ring 
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r(Hx>) of Hx> is isomorphic to r(CD2 S )[z]/I, where / is the ideal generated 
by (z — a — l)z. Since the order of x i n the group datum V = (L>2s , X, c s , 0) is 
equal to the order of x( cS )> by Theorem 15.41 the Jacobson radical of r{Hx>) 
is the principal ideal generated by the element [P(F(0, 0))](1 — a). Thanks 
to Theorem 16. 44 we obtain the following. 

Theorem 6.5. The Green ring r(Hx>) is isomorphic to the quotient ring 
1i[xi,X2,X3,X4]/I, where I is the ideal of Z[xi,X2,X3,X4] generated by the 
polynomials x\ — \,x\ — l,a?2#3 — #3> fs+1 (^2^3) — xi f s -i (x?.,xz) and x\ — 
X1X4 — X4. The Jacobson radical of r{Hx>) (under the isomorphism) is the 
principal ideal of Z[xi,X2,xs,X4]/I generated by the element T4 — x\x^. 
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